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Braid structures related to knot complements,
handlebodies and 3-manifolds

Sofia Lambropoulou
Mathematisches Institut, Gottingen Universitat

Abstract

We consider braids on m +n strands, such that the first m strands are
trivially fixed. We denote the set of all such braids by By,,». Via concate-
nation B, n acquires a group structure. The objective of this paper is to
find a presentation for B, , using the structure of its corresponding pure
braid subgroup, P, », and the fact that it is a subgroup of the classical
Artin group Bp,4+rn. Then we give an irredundant presentation for B, .
The paper concludes by showing that these braid groups or appropriate
cosets of them are related to knots in handlebodies, in knot complements
and in c.c.o. 3—manifolds.

1 Introductory notions and motivations

Definition 1. The set of all elements of the classical Artin group By,ivn for
which, if we remove the last n strands we are left with the identity braid on m
strands, shall be denoted by B, ,, (see figure 1(a) below for an example in B3 3).
The elements of By, are special cases of ‘mized braids’ (cf. section 6).

Concatenation is a closed operation in By, ,: the product a - 3 of two elements
o, € By, ,, is also an element of By, ,, (see figure 1(b)). Thus By, », < Bptn.
Our purpose is to obtain a simple presentation for B,, .

Figure 1: 1

Figure 1:
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The motivation for studying these braids comes from studying oriented knots
and links in knot complements, in c.c.o. 3-manifolds and in handlebodies, since
these spaces may be represented by a fixed braid or a fixed integer-framed braid
in $3. Then knots and links in these spaces may be represented by elements
of the above braid groups By, or of appropriate cosets of these groups. More
precisely, if M denotes the complement of the m-unlink or a connected sum of
m lens spaces of type L(p, 1) or a handlebody of genus m, then knots and links
in these spaces may be represented precisely by the mixed braids in B,, y, for
n € IN. In the case m = 1, By, is the Artin group of type B (cf. [4], [5], [6]).
If M is generic, concatenation is no more a closed operation of mixed braids,
but as we show in section 6, knots and links in M may be represented by mixed
braids in B, ,, for n € IV, followed by a fixed part associated to M, i.e. by
elements of a coset of B, .

We recall now some facts about braids and pure braids. For more details
and a complete study of the classical theory of braids the reader is referred to
[1]. The pure braid group, P,, corresponding to the classical Artin group on n
strands, B,,, consists of all elements in B,, that induce the identity permutation
in S,, thus P, < B,, and P, is generated by the elements

— -1 -1 —1 2

Qij =05 041  ...05j—2 0;—_170j-2...04410;
— O . . 2 -1 . -1, —1 1< <
=0j-105-2...0410; 0441 ~...0j—2 ~0j-1 , <i<j<n.

The generators a;; may be pictured geometrically as an elementary loop between
the ith and jth strand (cf. figure 2).

The most important property of pure braids is that they have a canonical form,
the so-called ‘Artin’s canonical form’, which says that every element, A, of P,
may be written uniquely in the form:

A=UUy---U, 4

where each U; is a uniquely determined product of powers of the a;; using only
those with i < j. Geometrically, this means that any pure braid can be ‘combed’
i.e. can be written canonically as the pure braiding of the first strand with the
rest, then keep the first strand fixed and uncrossed and have the pure braiding
of the second strand and so on (cf. figure 3).

The main idea for finding a presentation for P, is the following: The combing
of a strand may be regarded as a loop in the complement space of the other
strands, and as such is an element of a free group since the fundamental group
of a punctured disc is free. Thus,

P, = F,_1X--- Xy 4F; :Fn,1><|Pn,1,

where each Fj is a free group on the generators a1 j41,...,a;+1 (the elementary
loops between the (i + 1)st strand and all its previous ones), and where the
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action is induced by conjugation. It turns out that P, has @ generators

2 2 2
and 12H23 +"';("_2)("_1) relations, the following:
Qs ifi<j<r<s or r<i<j<s,
1 aisajsais_l if i<j<s,

Aii  ArsQi; = _ [P .
LT 1 if i<j<s,

if i<r<j<s.

aisafjsaisajs_lais
aisajsais71ajs71arsajsaisajsilaisil

Based on these ideas, we introduce in section 2 the pure braid group P,
and in section 3 we find a presentation for it. Then in section 4 we put together
a presentation for B, ,, which we simplify in section 5. In section 5 we also
give a Dynkin-diagram related to B,, ,. Finally, in section 6 we explain that
elements of B,, ,, represent oriented knots and links in certain spaces and that
appropriate cosets of B,, ,, represent knots and links in the generic cases of knot
complements and c.c.o. 3-manifolds.

The results here have been preliminary studied by the author in [4] and have
been presented in various mathematical meetings since 1995. A. Sossinsky, in-
dependently, motivated by the same topological considerations, studies these
groups in [8] and he conjectures the irredundant presentation for B, ,. More-
over, V. Vershinin in [9] studies the groups B, , in connection to handlebodies
of genus g, taking a configuration-spaces approach. Back in 1993 Alastair Leeves
had found a presentation for B,, ,, which was presented in [4], but a proof was
never published. The author is thankfull to A. Leeves for inspiring discussions
at the time. Also, her grateful thanks are due to Bernard Leclerc for his careful
reading through this work and his very valuable comments.

This is the first paper in a sequel of three. The next one gives expressions for
algebraic equivalence of braids reflecting knot isotopy in arbitrary knot com-
plements and c.c.o. 3-manifolds. The case of handlebodies is joint work with
Reinhard Héaring-Oldenburg.

2  The pure braid group P, ,

Definition 2. The corresponding pure braid group Pp, , of By, » is defined as
Pon = Bmn N Pryn, t.6. Pyp < Phyyn and it does not contain pure braiding
among the first m strands.

By its definition, P, , is generated by the pure braid generators a;; for i €
{1,...,m4+n—1} and j € {m+1,...,m+n} of Py, (see figure 2). Then, B,, ,,
is clearly generated by the elementary mixed braids (drawn below) a;; for i €
{1,...,m+n—1}and j € {m+1,...,m+n} together with o,,,41,. .., Omitn—1,
the elementary crossings among the last n strands. Note that the inverses of
the a;;’s and o ’s are represented by the same geometric pictures, but with the
opposite crossings.
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mm+l ] m+n 1 m m+H m+i+1 m+n

Figure 2

Figure 2:

Also, by definition we have an exact sequence
11— Ppn — Bpn— 5 — 1

In particular, P, ,, < By, . More precisely, we have the following relations:

ai;® if k<i—2 or i+1<k<j—2or k>j+1,

ai—1,;% if k=4i—1,
O'kilaijiO'k = aijaiﬂ,jiaij_l if k=1,
am»_li if k 2] - 1,
aija17j+1iaij*1 if k= j. O

We shall call these mized relations and we shall denote them by My, My, M3, M,
and Mj in the order they are written.

Thus B, is a group extension of P, , by S,,. This will yield a presentation
for By, n, conditionally to knowing a presentation for P, .

3 A presentation for P, ,

Theorem 1. The pure braid group Pp, ., is generated by the elements a;; for

ie{l,....m+n—1}, je{m+1,... m+n} and i < j, which are subject to
the relations:

(P1) aij tarsai; = ars if i<j<r<s or r<i<j<s,
(P2) aij lajsaij = aisajsais " if i<y <s,
(Ps) aij_laisaij = aisajsaisajs_lais_l if 1< j<s,
(P4) aij_larsaij = aisajsais_1ajs_1arsajsaisajs_1ais_1 Zf 1< r<j<s.

Relations Py, P>, P3 and Py shall be called pure braid relations. Note that Py
and Py involve the strands 4,7, j, s, whilst P, and Ps involve the strands i, j, s.

Proof By its definition and by the fact that the a;;’s (for all indices) generate
P, +n follows that the above set of elements is indeed a set of generators for
P, n. Since Pp,,, < Pp4n, we can apply on its elements Artin’s combing. As
for P,, the combing of a strand can be regarded as a loop in the complement
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space of the strands with smaller index (including the m fixed ones) and as such
it is an element of a free group. Therefore we have:

P =Fpn = (a1,m+1,02,m+1, - - -, &m,m+1), the free group on m generators.

Further is: Pm72 = Fm+1 ><1va1 = <a17m+2, <o Amom4-2, am+1,m+2> ><le’17 i.e.
Fry1 is the free group on m + 1 generators, and P, ; acts on Fy,11 by conju-
gation, via the relations of the pure braid group P, for appropriate indices.
We proceed inductively to obtain:

Pm,n - Fm-l—n—l MR ><|}77n-i—1 ><|Fm = IP'm4n—1 ><|Pm,n—1

= <a1,m+n, ey am,m_m, ey am+n_17m+n> ><|Pm,n—17

where Fy,4pn—1 is the free group on m + n — 1 generators, and where P, ,_1
acts on Fy, 1,1 by conjugation, via the relations of the pure braid group Py,
for appropriate indices, i.e. via the relations P, Py, P; and Pj. O

Some remarks are now due.

Remark 1. The groups P, , and Py, 1, have seemingly the same presentation.
For m # 1 is, though, Py, ,, # Ppm4n. The difference lies in the restriction of the
indices of the generators. In fact, P, , has % generators, which is the
number of generators of P, ., less the number of generators of P,,. Moreover,
Pm,n has (m—l)'m2+m»(m+1)2+2"'+(m+"_2)(m+”_1)2 _ (m—l).m.’rz(n-{-Qm—l) rela-
tions, which is the number of relations of P,,,, less the number of relations of
P,,. In the case m =1 holds P, ,, = P14y, which follows immediately from the

definition of P, , or can be observed from its presentation for m = 1.

Remark 2. In [4] there is a discussion about the groups B, , and a different
line of proof is given for finding a presentation. There, by P, , we denoted
some smaller pure braid subgroups, for which it is rather complicated to find
a presentation. But the case m = 1 was extensively treated, also in the sequel
papers [5, 6]. In all these previous results P;, denoted the free group F,, =
(@12,a13, ... ,a1 n+1) and not the corresponding pure braid group of By ,,. That’s
why we had then B, , = F, XB,,. We hope that the readers familiar with those
results will not be in confusion.

4 A presentation for B, ,
In section 2 we showed that 1 — P,, , — B, » — S, — 1 and in section
3 we found a presentation for P,, ,,. Recall that S,, has the presentation:

. . 2
<51,...,Sn_1 | SiSj = SjSi fOI' |l *]| > 1, SiSi+1Si = Si+1SiSi+1, Si = 1>

We are now ready to put together a presentation for B, ,. Namely, we can
apply a result from the theory of group presentations (see [3], p.139), that gives
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a presentation for a group extension of two groups with known presentations.
Indeed, the following is then a presentation for B,, ..

A1m41y-+ 5@l m+4ny -+ Gmom+1, - - - Am,m+n, P17P2a P37 P4v
Am+1,m+25 -+ - Adm+1,m+ns -+ - bm4+n—1,m+n, M17M27M37M47M57 )
Om41,Om+2s -« s Omtn—1 X, 20, X3,

where the relations 31, 3o and 33 are satisfied by the 041, 0m12, - Oman—1

and they are the following:

(21) 003 = 0504 if |Z *]| > 1,
(22) 0;,0;+10; = 0;410i0441 if m—+1 S 1 S m-+n — 2,
(23) 0'7;2 = Qi+ if m+1<i<m+n-2.

Y1 and X5 are the ‘braid relations’.

Notice now that relations X3 for ¢ € {m +1,...,m+n—1} and j € {m +
2,...,m+ n} do not involve any mixed braiding and so they may be taken as
defining relations, namely:

+ o +2
am+1,m+2 = Om—+1 9
+ o +2 —1
amil,erB ‘= Om+420m+1 U'rin2+2 ) 1 L] )
Qij = 0j-1..-04410; “0Ojy1 ~...05-1 -,
+ +2
Um+4+n—1,m+n ‘= Om4n-—1 .

Therefore, we want to omit eventually these a;;’s from the list of generators
of B, and subsequently to eliminate or simplify all relations involving these
elements, applying Tietze transformations. Indeed, we examine one by one the
relations and we have:

P aij_larsaij = a,s for the case r < i < j < s. If all r,i,5,s € {m +
1,...,m+n}, the relations follow from ¥; and 35 and so we only keep the ones
wherer € {1,...,m}andie {m+1,....m+n—1}orrie{l,...,m}.

Py i a;; tajsai; = aisajsais " for i < j < s. Since j,s € {m+1,...,m+n}
the only case to be kept is when ¢ € {1,...,m}, as the relations for i € {m +
1,...,m+n — 1} follow from the braid relations.

Ps: aij_laisaij = aisajsaisajs_lais_l for i < j < s. As in the previous

case, the only relations that do not follow from 3; and Y- are the ones where
ie{l,...,m}.

Py : aijflarsaij = aisajsais’1ajsflamajﬁaisaj;lai;l fori<r<j<s.
Since j,s € {m + 1,...,m + n} the only relations to be kept are those where
eitheri € {1,...,m}andre {m+1,....m+n—1}ori,r € {1,...,m}.
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M, : ak_laijiak:aiji fork<i—2ori+1<k<j—2ork>j+1. Here
also we have j € {m+1,....m+n}and k € {m+1,...,m+n — 1}. Now, if
ie{m+1,...,m+n—1}, all these relations follow from ¥; and 35, whilst for
i€ {l,...,m} it only makes sense to consider k < j—2or k> j+ 1.

M, : Ul-_flaijiai_l = ai_lei. Sincei—1e{m+1,...,m+n—1} it must
be i > m + 1 and so all these relations follow from ¥; and Xs.

Ms . ai_laijiai = aijaiJrl’jj:aij_l. This is analogous to the above case, since

1 >m—+ 1.

My: oj_17'a;;To;_1 = a; j_1*. Here also the only cases that do not follow
from the braid relations are the ones with i € {1,...,m}.

Ms ajflaijiaj = aijai7j+1iaij’1. As above, the only relations surviving are
the ones where i € {1,...,m}.

Remark 3. The remaining relations of Py for i € {m+1,...,m+n—1} follow
from the simpler relations: a0 = okay; for k < j —2or k> j+ 1, which
coincides with the remaining of M; above.

To summarize, we showed that the following is a presentation for By, ;.

/ / / /
A1,m+1y -+ Alm+ny -+ - dmm+1y - - - s Am,m+n, Plu P27 P37 P47
/ ! /
Bm,n = Am+4+1,m+2y -+ - Am+1,m+ny - -+, dm4n—1,m+n; M17 M27 M3a )
Om+1,0m+2, -+, Om4n—1 217 E2

where we have:

(P)) Aijlrs =  QrsQij for r<i<j<s, 1<i,r<m,

(Py) ai; tajsai; = QisQisais Tt for i<j<s, 1<i<m,

(P%) aij aisai; = 5055055055 taist for i< j<s, 1<i<m,

(Py) ai; tarsai; = Qis@ys@is tajs T arsa saisas tais Tt for i <r <j<s,
1<i<m, 1<r<m+n-1,

(M7) ak’laijiok = ayT for k<j—2 or k>j+1 and 1<i<m,

(Mé) aiji = aj_lam_liaj_l*l for 1 << m,

(Mé) Uj_laijioj = QA4 541 aij_l for 1 é ) S m.

Having now done the first, ‘obvious’ clearing in the original presentation
of By, n, we observe that many of the above relations are redundant or they
simplify further, and that we may omit the a;;’s with i > m 4+ 1.

Theorem 2. The following is a presentation for By, y:

)

L S s s ) (2),(3), (4),
men mymAly e Gmmtn, for all appropriate indices ’

Om+1,0m+2;-++,0m+4n—1
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where we have:

(1) okflaijiak = aiji for k<j—2 or k>j+1,
(2) aijj: = O'jflai’jflidj,l*l,

(3) O'j_laiji(fj = aijai,jJrliaij_

(4) i~y j4+1 = Ap j4+1 aiji for r <.

Proof Relations (1), (2) and (3) are precisely M7, M4 and M}, whilst relations
(4) are a special case of relations P;. So we have to show that Pj, P;, P; and
P! as well as the rest cases of Pj follow from X1, %5, (1), (2), (3) and (4). Before
continuing we note that, using (2), relation (3) is equivalent to

+ +
0jQij0jQij" = Qij~ 05Qij0)
and relation (4) is equivalent to
+ + 1 + -1 +
aig™ (ojar; 057 ") = (05ar; 05 )ai

We shall also use these forms in the proof. We proceed now case by case. The
underlining indicates the expressions involved in each step of the proof.

’
g My _ P -1
Q5 Qrs = AjjOs—1+--05j410r j4+10541 ... 0g5—-1
My
1 -1 -1 -1
= Og—1 - - .0j+1aij(ajarjaj )O’j+1 c..05-1
&) - _ _
= 05_1...0j+1(0jarj0j 1)a¢jaj+1 1...0'5_1 1
’
My =1 -1,
= Os—1-.-040r;0; o | Qi
M
= Qrsig.
MI
-1 —2 -1 2 -1 -1
Q5 Gjs Qi5 = ((Ts 1---05410570541 L O0g1 )aij
My
it 1 -1
= (0s-1. UJJrl)azJ gj aZJ(UJ+1 cOs1T)
My
K -1 -1 -1 -1
(Os—1.+.044+1)05Qi5Q; j417 iz~ 0a55(05417 . 0517 )
’
% -1 -1 -1 —1 —
== (0’5 1- O'JJrl)O' A5 Q5 541 0jQ4505 541 A5 aij(Uj+1 ...05-1
M
-1 -1 -1 -1
(051 0j41)05a5505%a;" oy oot
— -1 - 2 -1 -1
= Os—1 - Uj)aij(oj .. .05-1 0'571...0‘3')03 (O’j .. .05-1
1 -1 -1
XOs1...05)a;; (o; .. o517t
M

= GjsQjsis

For P; we have:
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’
1, -1 M

— 2 -1 —1
Qis  Gjs  Qis Qjs " Qs = Qis(Os—1...0j410°0j41 " ... 0517 ")ais

-2 -1 -1 -1
X(O’Sfl...o’jJ’,lo‘j Oj+1 ... .0g5—1 )ais

(0571 .. .Jjaijaj* . .0'37171)(0'571 . ~O_j+10j20_j+171 . .037171)
X (0'5_1 .. .O’jaijdjil .. .05_171)(05_1 .. ~Uj+10—j720j+171 .. .05_171)

X (Us—l .. .ojaij’laj’l .. .0'5_171)

-1

= (03_1...Uj)a,;jcrfaijcrj*Qaij*l(oj ...0'8_171).

On the other hand:

-1
aij

/

2 -1 -1 -1 —
Qis Q55 = 04y Os—1---04410;4450; Oj4+1 c..0g—1 Q5

—1 —1 —1 —
= Os—1---0j41055 ~0404505 ~Gij0541 .. 051
-1 -1 -2 -1 -1
= 05,1...0j+10jaijaj(ajaj )aij 0 aij(Uij )Jj+1 .. 0g—1

= (0'5,1 Ce Uj)aijO'jQUj71&@‘710]‘720,2']'0]'(inl e 0'57171).

Therefore, it suffices to show that the underlined expressions in the last equation

of either

side are equal. Indeed we have:

. —1 =1, -1 —1, 1.2 -
Qij  Oj 0" ai;” (05" ai;” 0j%a;;04)
M
pint: oyl =1 =1 =1, =12 -
= Qij05 ~Qij "0 “Qij ~05 “0;70j0;
M 1
a1l =1 =1 =1, - 5
AijQij ~0j5 “Qij 05 "05Qij0;

1.

Finally, for P; and r € {1,...,m} we have:

-1
Qis  Ajs Qs Ajs Qrs Qjs Qs Qjs Qs
My

-1 -1 -1

(0'3_1 .. .O’jaij()'jil .. .0'3_171) . (O'S_l .. -O'j+10'j20'j+171 .. .0'3_171)

—1 —1 —1 —2 —1
x(as_l...ajaij O'j ... 051 )'(Us—l--~aj+1aj O'j+1 ...0s51

-1

,1)

X (0'3_1 .. .ajarjaj_l .. .O's_l_l) . (0'3_1 .. .O'j+10'j20'j+1_1 .. .0'5_1_1)
X (0'5_1 .. .ajaijaj_l .. .0'3_1_1) . (0'3_1 .. -Uj+10j_20j+1_1 .. -Us—l_l)
X (0'5_1 .. .ajaij_laj_l .. .0'5_1_1)

2 -1 -2 2 -2 -1 -1 -1
Os—1---05410;Q450 ;" Q45 05 “Qrj0;705504 Qi 05 "0j41 ...05-1

On the other hand:

—1
aij

M, _
Qrs Q5 = Q44
My -1 —1 -1 -
= Os—1---035410Q455 0jQrjO; “Ai50541 ... 051

1 —1 -1
Os—1+-.054104Qr50; Oj+1 c..051 £27]

Again, it suffices to show that the underlined expressions in the last equation

of either

side are equal. Indeed we have:

-1
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2 —1 —2 2 —2 -
05 aij 05" Q45 0 arj 0y aij 0y aij
My

0jaij05%ai; " 0y ar05%aijai " oy ai oy 20 o T ag
= Ujaijofaij_loj_2am'ajaij_1aj_1arj_1aj_1aij
© ojaijoi%ai; " o ai " oy 2ay
,
= 0jaij0;°05 a0y ay " agg
= 1
The case where r € {m +1,...,m 4+ n — 1} is completely analogous. (]

5 Irredundant presentation for B,,,

Looking now at the last presentation for B,, , we observe that relations (2) may
be seen as defining relations for 1 < ¢ < m and j > m + 2, namely:

+ o + —1
a’iEmjLQ T Um+1a‘i,m+107n+17 L L
Aim+3 = Om4+20m+10; 1110 110m 125

+ - + -1 -1
ai’m+n = Um+n—1'"Um+1ai,m+lam+l"'Um+n—l'

Therefore, we want to omit further these a;;’s from the list of generators, and
subsequently to eliminate or simplify all relations involving these elements. In-
deed, we have:

Theorem 3. The following is a presentation for By, y:

! ! I

B _ 1,m+1,32,m+15 - -+, Gm m+1, ZlaZQ’(l )7(2 )><3 )7

mn Om+1s Om+2s - -y Omtn—1 for all appropriate indices ’

where:

/ —1 + _ +
(1) Ok Qimi1" 0k = Gimi1—, k>m+2,

/ + _ +
(2" @im+1" Omt1Gim+10m+l = Omt1@im+10m+1Qim+1,

/ + + -1 _ + -1 + :
(3 ) A5,m+1 (Um+1ar,m+1 Om+1 ) = (am+1ar,m+1 Om+1 )az‘,m+1 , <.

Proof Relations (1) are a special case of relations (1), relations (2') are a
special case of relations (3) and relations (3') are a special case of relations (4).
Note that relations (3') are equivalent to

+ + + + .
Qi m4+1" Qrm4+2~ = Qrm4+2~ Gim4+1- 5, T <.
We show the sufficiency of the new relations by examining each case.

For relations (1) and for m+ 1 < k < j — 2 we have:
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-1 +
Ok ~Qij Ok

—
N
—

117

1152

11t

—~
=
-

—
no
—

—1 +
Ok (O'j_l c e Ok420k41 - - - Om41Q5,m+1

-1 -1 -1 -1
X Om+1 oo Ok4+1 Ok42 cee 051 )O'k

-1 +
(0j=1.. . Ok42)0k " Okt10k - - - Omt1Gim+1

-1 -1 -1 -1 -1
X Om+1 o O " Ok41 O-k(a-kJrQ - 051 )

-1 +
(051 Ok42)Okg 106041 Oh—1 - - - Ot 1Gimi1
1

-1 -1 -1 -1 - -1
X Omy1 oo Okl Opp10% ™  Opg1  (Okt2 o1t

(0j—1... 0m+1)0k+1_1ai,m+1i0k+1(Um+1_1 cen Ujfl_l)

Oj—1--. O'm,+1ai7m+1:t0'm+171 Ce Oj_lil, (k’ +1>m+ 2)

+
Qi

Further, for relations (1) and for k& > j + 1 we have:

-1, +
Ok ~Qi;~ Ok

A
[CHIGHENS

-1 + -1 -1
Ok (Jj,l...am+1ai7m+1 Om+1 <051 )Uk

(O’j_l - O’m+1)0k71a17m+1i0k(0m+171 C O'j_lil)

+ -1 -1
Oj—1++-Om4+10im+1~ Om+1 - 01 )

+
Q5.

In the last two equations we used that k& > m + 2. For relations (3) we have:

P
0;jQij0;Aij

@ . . -1 1y,
= 0i(0j=1 - Om+1Gimt10m41 .. 0j—1 )0
+ -1 -1
X (Uj—l c e Om41A5 m+1" Om+1 051 )
L2 A , , -1 1
= O'J...O'm+1al’m+1ﬁ...O'm+20'm+10'm+2 "'UJ
+ -1 -1
X Gim4+1" Om41l -+ 051
21,(1) n
= 0j(0j-10)) .- (Om410m+2) i m+10m+10i m+1
-1 -1 -1 -1
X (Om42” Omi1 ). (0 05-17)
2 +
= (Uj—lgj) cee (Um+10m+2)0m+1az‘,m+10m+1ai,m+1
-1 -1 -1 -1
X (Om42” Omi1 ). (0 05-17)
’
@) (07-10;) + - (T Tyga )i + .
- j—109353) .- m+19m+42 az,m+1 Um—i—laz,m—i-l
-1 -1 -1 -1
X Omi1(Omy2” Omy1” ) - - (aj 0j—-1 )
PP

(05-105) - (Omt10m42) @i m 1T O g 10 m 1

X (O’m+2_10m+1_1) .. (O'j_l(fjfl_l)aj
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21,(17) + -1 -1
= (Uj—l ...O'm+1>ai7m+1 Oj . Om420m+10m42 -0
-1 -1

X ai’m+1(am+1 <051 )O‘j
S , o+ -1 R
= (Ujfl...Uerl)aherl Om+41 < 051 0y

. . -1 =1

XOj—1 e Omg1@imt1(Omg1 o017 )0
2 +
= aij ajaijaj.

Finally, for relations (4) we have:
+ £ -1y @ + -1 -1
Qi (O'j Qri=— Oj ) = ((Tj,1 c e Om41Q,m+1" Om+41 0j—-1 )UJ

+ -1 -1 -1
X (Uj,l...aerlar’erl Om+1 <051 )Jj

-1 +
.05 Qr m+1

) + -1
= Oj—1++-Om+41Qim4+1"0j - - - Om420m+10m+2
-1 -1
X Om41 <05
21,(1) + +
= (0j-105) - (Om+10m+2) Qi m+1™ Tt 10 m41
-1 -1 -1 —1),.—1
X (Omt2” Omy1 ). (05" 01" )0y
b + + -1
= (0j2105) - (Omt+10m+2)Gim+1 (Om410rm 41~ Omt1 )
-1 -1 -1 -1
X (Om42  Om1 ). (07 017 )
3" + -1 +
= (ijlaj) cee (Um+10m+2)0m+1ar,m+1 Om+1 ~QAim+41
-1 -1 -1 -1
X (Omt2” Omi1 ) ... (05 0j-17)
2 + -1 +
= gj (%’4&) ce (0m+10m+2)ar,m+1 Om+1 Qi m+41
-1 -1 -1 -1
X(Omy2 ' Omp1 ) (0 0 17)
21,(17) + 1 1 -1
= Oj.- e Om41Qrm+1~ 05 ---Om420m4+1  Om42 .05
+ -1 -1
X Qi m+1"" Om+1 051
PP -1 1

+ -1 —
0j0j—1---Om4+10rm+1- Om+1 - 051 gj
-1

+ —1
XOj—1-+-Om4+10im+1" Om+1 051

= oj(aTo;  ag®).

—~
~

O

The system of generators in the last presentation of B,, , is irredundant, in the
sense that no proper subset of it can generate B, ;. In order now to simplify the
notation we will relabel the generators ai m+1,---,@mm+1, Om+1s- > Tmtn—1
to ai,...,0m,01,...,0,_1 accordingly, to obtain the following, final presenta-

tion for By, p:

opo; =00k, |k—jl>1

OkOk+10k = Ok410k0k+1, 1<k <n-—1

ap,...,a .
Brn = Lo Smo aior = oRa;, k>2,1<i<m,

’ O1y.-+,0n—1 .
yrron a;o1a;01 = o1a;01a;, 1<i<m

ai(ora,017") = (010,01 Nag, <.
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Figure 3:

Remark 4. It is worth mentioning that the above presentation of B, is
very similar to that of the Artin braid group associated to the Dynkin diagram
below.

In the diagram the single bonds mean relations of degree 3, the double bonds
relations of degree 4, and if two generators are not connected by a bond they
commute. The two presentations differ only in the last relation, which in the
case of the Artin group (cf. [2]) is a mere commutation relation between a; and
ar. Nevertheless, in the case m =1, By ,, is the Artin group of type B.

6 The cosets C), ),

In this section the word knot will be used to mean knots and links.

Let now S®\ K be the complement of the oriented knot K in S3. Obviously,
S3\K can be represented in S3 by the knot K. By classical results of Lickorish
and Wallace a closed, connected, orientable 3-manifold can be obtained (not
uniquely) by surgery along an integer-framed knot in S3, so it can be represented
in S2 by this knot. We shall denote by M either a knot complement or a c.c.o.
3-manifold. Then, by fixing M we may also fix a knot inAS?’ representing M,
and this knot may be assumed to be a closed braid, say B. It is shown in [7]
that knots in these spaces can be represented by ‘mixed braids’, which contain
the braid B as a fixed subbraid. More precisely, we have the following:

Definition 3. A mized braid is a special element of By,+n consisting of two
disjoint orbits of strands, such that the subbraid forming the one orbit consists
of the first m strands and it is a fized element of B,,.

If now the manifold M is a handlebody of genus m, knots in M can clearly
be represented by elements of B,, ,. Further, if M is the complement of the
m-unlink or a connected sum of m lens spaces of type L(p, 1), then knots in M
are represented by elements of B,, ,,, for n € IN. In the special case where M
is the complement of the trivial knot or L(p, 1), knots in M are represented by
elements of By ,, the Artin group of type B (cf. [4], [5], [6]). These are rather
special cases of knot complements or c.c.o. 3-manifolds.

In the generic case the subbraid representing M will not be the identity
braid (for an example see figure 3(a)). In the generic case the multiplication
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p -1
a
N
N
S
] -4 ="F=- 4 - 4L _ -4
)\ =2
] B
@ poe
. (b)
Figure 3
Figure 4:

of two mixed braids in B,,+, related to M is not a closed operation, since
concatenation does not preserve the structure of the manifold.

The following proposition shows that, nevertheless, we still have braid structures
in M. Indeed, let UZO:1 C.n, denote the disjoint union of the cosets of all mixed
braids associated to a generic M. Then we have the folllowing;:

Proposition 1. For a fixed M, C,, , is a coset of By, ,, in Bpyyn.

Proof Let A € C,,,,. We shall show that A can be written as a product
a - B, where « € By, ,, and B is the fixed braid representing M in S®. Indeed,
we notice first that by symmetry, Artin’s combing for pure braids can be also
applied starting from the last strand of a pure braid. So, we multiply A from
the top with a braid p on the last n strands and with a braid ¢ on the first m
strands, such that pAc is a pure braid in B,,4+,. Then we apply to it Artin’s
canonical form from the end. This will separate A into two parts, one being an
element of By, , and the other being the fixed braid B embedded in By, (see
figure 3(b)). O

A final comment is now due.

Remark 5. The groups By, , and their cosets C, ,, will be used for yielding an
algebraic version of Markov’s theorem for isotopy of knots in knot complements
and 3-manifolds. For the purpose of constructing knot invariants following the
line of Jones-Ocneanu one can use the irredundant presentation of B,,, for
considering appropriate quotient algebras that satisfy a quadratic skein relation
for the o;’s.
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